The embedding of a thick de Sitter 3-brane into a five-dimensional bulk is studied, assuming a scalar field with potential is present in the bulk. A class of solutions is found in closed form that can represent a thick de Sitter 3-brane interpolating either between two dynamical black holes with a R × S 4 topology or between two Rindler-like spacetimes with a R 2 × S 3 topology. The gravitational field is localized in a small region near the center of the 3-brane. The analysis of graviton fluctuations shows that a zero mode exists and separates itself from a set of continuous modes by a mass gap. The existence of such a mass gap is shown to be universal. The scalar perturbations are also studied and shown to be stable.
Introduction
The idea that our universe is embedded in a higher dimensional world has received a great deal of renewed attention over the last couple of years (see, for example, [1] and references therein). This interest is motivated by the possibility of resolving the hierarchy problem, namely the large difference in magnitudes between the Planck and electroweak scales [2, 3] , in addition to possibly solving the long-standing cosmological constant problem [4] .
According to this scenario, Standard Model physics is confined to a three (spatial) dimensional hypersurface (often referred to as a 3-brane) in a larger dimensional space. While most physics is on the 3-brane, gravity propagates in the whole bulk spacetime. In previous considerations of such models, it was shown that the bulk propagation of gravity is in contradiction with the observational fact that four-dimensional gravity satisfies an inverse-square Newtonian law. However, in a model proposed by Randall and Sundrum (RS) [3] , this problem was solved by relaxing one of the commonly used assumptions that our four-dimensional universe is independent of the coordinates defining the extra dimensions. When one does this, one can show that (even when the extra dimensions are infinitely large) gravity can be localized near the 3-brane, and Newtonian gravity can be restored at long distances. In particular, RS showed that a single massless graviton can be localized on the brane. This mode is responsible for producing 4D gravity on the 3-brane, while additional massive modes only introduce small corrections to the Newtonian law.
Considering our four-dimensional universe as an infinitely thin 3-brane is an idealization, and in more realistic models the thickness of the brane should be taken into account. It is for this reason that various thick 3-brane models were considered [5, 6] . However, these models tend to have either naked singularities appearing at a finite distance from the center of the brane or the scalar field has an unusual potential. While the nature of these singularities is still unclear [5] , one might like to try to avoid them by starting with a potential induced from some high energy theory, such as Superstring or Supergravity. However, once a scalar field appears in the bulk, curved four-dimensional spacetimes, rather than Minkowski, can appear.
In this paper, we consider the embedding of a thick de Sitter 3-brane in a five-dimensional spacetime described by the metric,
where z denotes the conformal coordinate of the extra dimension with z ∈ (−∞, ∞), and x µ = {t, x} (µ = 0, 1, 2, 3) are the usual four-dimensional
Minkowskian coordinates. The potential of the scalar field to be considered here is assumed to take the form,
where V 0 and n are arbitrary constants, subject to 0 < n < 1, and φ 0 ≡ [3n(1 − n)] 1/2 . This form for the potential is quite similar to that proposed in [7] for weakly interacting pseudo-Goldstone bosons.
We shall show that, when the scalar field is the only source to the fivedimensional Einstein field equations R M N − Rγ M N /2 = T φ M N , thick brane solutions exist. Note that in this paper we shall choose units such that
, where M is the five dimensional Planck scale. In these thick brane models, the naked singularities which often appear in other brane world models are replaced by event horizons. The extension of the spacetime beyond these horizons gives rise to either dynamical back holes with a R × S 4 topology or Rindler-like spacetimes with a R 2 × S 3 topology. This is very much in the same spirit as the so-called asymmetrically warped model proposed in [8] . However, a fundamental difference between their model and ours is that in [8] the induced energy-momentum tensor (EMT) on the brane violates all three energy conditions, while in the present case the weak and dominant (but not the strong) energy conditions are satisfied in the whole bulk. We also find that the spectrum of graviton fluctuations has a mass gap that separates the massless mode from a set of continuous modes. The existence of such a mass gap is shown to be universal. In addition, we also study scalar perturbations and show that all the corresponding modes are stable.
Solutions of Thick de Sitter 3-Branes and Dynamical Black Holes
To show explicitly the above claims, let us start with the Einstein field equations and the corresponding Klein-Gordon equation
can be shown that there are now only two independent equations [5] ,
where the semicolon denotes the covariant derivative with respect to the bulk metric γ M N , and a prime denotes ordinary differentiation with respect to z.
Integrating these equations, we find the solutions,
where, in terms of V 0 and n, the constants α and β are given via the relations
As is well-known, the EMT for a scalar field is energetically equivalent to an anisotropic fluid,
which shows clearly that the thick 3-brane is localized in the region |z| ≈ 0, and the corresponding EMT satisfies the weak and dominant energy conditions, but not the strong one. On the other hand, restoring the units, one can show that the reduced four-dimensional Planck mass on the brane, M Pl , is given by M 2 Pl
where Γ(m) denotes the usual gamma function. Note that this is finite for any n ∈ (0, 1).
To study the above solutions further, let us first note that all the scalars built from the Riemann tensor are finite in the whole bulk, 4) . Thus, the spacetime described by the above solutions are free of scalar singularities [10] . However, for the cases where 1/2 < n < 1, the hypersurfaces |z| = ∞ actually represent non-scalar spacetime singularities, as the tidal forces experienced by a freely falling observer become unbounded there. To show this explicitly, let us consider the time-like geodesics perpendicular to the 3-brane, which can be shown to allow the first integral
where E denotes the total energy of the test particles and τ their proper
we can construct four other space-like unit vectors that are parallelly transported along the geodesics,
which satisfy the relations,
Projecting the Riemann tensor into this orthogonal frame, we find that some of its components, which represent the tidal forces, become unbounded at |z| = ∞ for 1/2 < n < 1. As one example, consider
It is interesting to note that the distortion, which is equal to twice the integral of the tidal forces with respect to dτ , is finite as the hypersurfaces |z| = ∞ approach. In this sense these singularities are weak [11] . When 0 < n ≤ 1/2, these surfaces represent horizons. This can be seen, for example, by calculating the proper distance in the perpendicular direction to the brane, which is finite. Thus, in this latter case the spacetime needs to be extended beyond these surfaces. Because of the reflection symmetry of the spacetime, it is sufficient to consider the extension across the surface z = ∞. To this end, let us first consider the coordinate transformations
in terms of which the above solutions take the form
The corresponding Kretschmann scalar is given by
The coordinate transformations (12) hold only in the region v ≥ 0, u ≤ 0.
Thus, in the whole uv-plane we obtain, in general, three extended regions, I ′ , II and II ′ , as shown by Figs. 1 and 2 . The singular properties of the spacetime in these extended regions depend on the free parameter n.
In particular, when n −1 is an integer, the extension is analytic across the hypersurfaces u = 0 and v = 0. Otherwise, it is at best maximal. As a matter of fact, when n = (2l)/(2m + 1), where l and m are positive integers, the metric in the extended regions becomes complex, which indicates that the above extension is not even applicable to this case. However, in the rest of this paper, we shall consider only the case where the extension is analytic, that is, n −1 is an integer. This can, in turn, be divided into two subcases,
Let us first consider the case n = (2l + 1) −1 . Then, from Eqs. (13) and (14) we can see that the spacetime becomes singular on the hypersurfaces When n = (2l) −1 , from Eqs. (13) and (14) we can see that the spacetime is free of any kind of singularities in all the uv-plane. Thus, the geodesically complete spacetime now consists of infinite diamonds, as shown by Fig.2 .
The spacetime structure in each diamond is quite similar to that of Rindler spacetime. It is remarkable to note that the requirement that the extension be analytic automatically restricts the parameter n to the range 0 < n ≤ 1/2, namely for that range in which we have shown that the surfaces |z| = ∞ represent event horizons.
If we further introduce the coordinates,
we find that the above solutions can be written in the form,
where dΩ
2 ) denotes the metric on the unit three-sphere with intrinsic coordinates θ, ϕ and ψ, related to the Minkowskian coordinates X and Z in the usual way. In particular, from Eq. (15) we find that
from which we can see that the hypersurface z = 0 or uv = −α −2 is a bubble with constant acceleration. When n = (2l + 1) −1 , a spacetime singularity develops on the hypersurfaces R 2 − T 2 = −α −2 in regions II and II ′ , where the geometric radius vanishes. Thus, the spacetime in this case actually has R × S 4 topology. When n = (2l) −1 , no such singularities are formed, and the spacetime extends to the whole range R ∈ [0, ∞). Consequently, the spacetime has R 2 × S 3 topology.
Gravitational and Scalar Perturbations
The analysis of the metric fluctuations in general is complicated because of their coupling to the the scalar field fluctuations. This is particularly true when the four-dimensional spacetime is curved as in the present case.
Following [12] , let us first consider the gravitational perturbations,
where g µν denotes the 4D background metric, and h µν the metric perturbations, satisfying the transverse-traceless (TT) condition,
Then, it can be shown that the equation for h µν is given by [6] 
where 2 ≡ g αβ ∇ α ∇ β and ∇ denotes the covariant derivative with respect to the 4D metric g µν . Since we are looking for a mode that corresponds to a 4D graviton, let us define the mass of such a spin two excitation by
Then, following the standard procedure we introduce the polarization tensor
where ǫ µν satisfies the TT condition (19). Inserting Eqs. (21) and (22) into Eq. (20), we find that the equation for Ψ(z)
with the effective potential V QM (z) given by
When m = 0, Eq.(23) has the solution
Since 0 < n ≤ 1/2, it can be seen that this zero mode is normalizable.
Following a similar argument as that in [3, 5] , one can show that this zero mode will give rise to 4D gravity on the 3-brane.
On the other hand, from Eq. (24) we can see that V QM (z) → 9α 2 /4, as |z| → ∞. Thus, similar to thin de Sitter 3-branes [12] , there is also a mass gap in the present case. It is interesting to note that the existence of such a mass gap is actually a universal property for de Sitter 3-branes. To see this, let us first notice that for any given scalar potential V (φ), the effective potential V QM can be written as
where ρ and p are defined by Eq. (6) . Thus, as long as the gravitational field is localized in the region |z| ∼ 0, the second term at the right-hand side of Eq. (26) goes to zero as |z| → ∞, while the effective potential V QM goes to
To study the above problem further, let us introduce a new variable x by x = tanh(βz), then we find that Eq. (23) becomes the standard Legendre differential equation,
The general solution of the above equation is given by
where P µ ν (x) and Q µ ν (x) denote the associated Legendre functions of the first and second kinds, respectively. When µ is real, or m 2 < 9α 2 /4, both P µ ν (x) and Q µ ν (x) are singular at |x| = 1 (or |z| = ∞). Thus, the regularity conditions at |x| = 1 for the perturbations exclude the case m 2 < 9α 2 /4.
When µ = 0 or m 2 = 9α 2 /4, the functions P µ ν (x) and Q µ ν (x) reduce to the Legendre polynomials of the first and second kinds, P ν (x) and Q ν (x), respectively, and the latter is still singular at |x| = 1. Thus, the regularity conditions at |x| = 1 force C 2 = 0, and we obtain Ψ 0 (x) = C 1 P ν (x), which is always finite and normalizable. The case where m 2 > 9α 2 /4 corresponds to a continuous spectrum of eigenfunctions that asymptote to plane waves in the limit |z| → ∞. Similarly, one can show that these continuous modes will produce small corrections to the Newtonian law as in the flat 4D case [3, 5] . Now let us consider the scalar perturbations given by [6] 
As shown in [6] , the corresponding linearized 5D Einstein-scalar equations
where δφ denotes perturbations of the scalar field, and χ(x α , z) and V ef f. (z)
are defined as
Because V ef f. (z) is always positive for 0 < n ≤ 1/2, following the arguments given in [6] , it can be shown that in the present case all the corresponding perturbation modes are stable. This is to be contrasted with the case of thin 3-branes [13] , but it is a similar result to that for thick 3-branes [6] .
Conclusions
In this paper, we have considered the embedding of thick de Sitter 3-branes in a 5D bulk in which a scalar field with potential given by Eq. (2) The scalar perturbations of the solutions have also been studied and found to be stable.
Finally, we note that by making the replacement, (t, x 1 , α) → (ix, it, −iα) in the solutions given by (1) - (5) 
but now with φ 0 ≡ [3n(n − 1)] 1/2 . The constants V 0 and n are again arbitrary.
However, to have φ 0 real, we must have n ≥ 1 or n ≤ 0. On the other hand, to have α and β real, V 0 has to be negative for n > 1 or n < −1/3 and positive for −1/3 < n < 0. Studying these solutions is outside the scope of this paper, but we plan to return to this problem on another occasion.
